Antigravity and the big crunch/big bang transition 
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We point out a new phenomenon which seems to be generic in 4d effective theories of scalar fields 
coupled to Einstein gravity, when applied to cosmology. A lift of such theories to a Weyl-invariant 
extension allows one to define classical evolution through cosmological singularities unambiguously, 
and hence construct geodesically complete background spacetimes. An attractor mechanism ensures 
that, at the level of the effective theory, generic solutions undergo a big crunch/big bang transition by 
contracting to zero size, passing through a brief antigravity phase, shrinking to zero size again, and 
re-emerging into an expanding normal gravity phase. The result may be useful for the construction 
of complete bouncing cosmologies like the cyclic model. 



Resolving the big bang singularity is one of the central 
challenges for fundamental physics and cosmology. At 
present, there are diverse views about what form the res- 
olution may take. A common idea is that the singularity 
was the beginning of space and time. In this case, the uni- 
verse is less than 14 billion years old, and its large-scale 
structure must be set in place within the first fraction of a 
second. This reasoning points to inflation [Ij as the only 
rapid means of achieving the observed large-scale condi- 
tions; but then one is also forced to come to grips with 
the measure problem, the entropy problem and the fine- 
tuning problem that go hand- in-hand with infiation 2J. 
An alternative idea is that the big bang was a bounce: 
a transition from contraction to expansion. This idea 
underlies the cyclic model 3], in which the large-scale 
structure of the universe is set during an ekpyrotic con- 
traction phase jU [5] , well before the big bang, and then 
evolves through a big crunch/big bang transition. One 
possibility for this bounce is a non-singular transition, 
in which the cosmic scale factor a(t) rebounds at a fi- 
nite non-zero value [6]. Einstein general relativity can 
describe the entire transition, but only at the price of in- 
troducing an energy component capable of violating the 
null energy condition, with the risk of undesirable in- 
stabilities. Another possibility is a singular bounce [5, 
in which a(t) shrinks to zero and immediately rebounds 

[MI]- 

In this paper, we present a novel third possibility for 
the bounce, involving a brief effective antigravity phase 
between the big crunch and the big bang. The purely 
classical, low-energy effective Einstein-scalar description 
we shall present should be taken only as a first indication 
of what may be expected when a fundamental theory of 
quantum gravity is applied to cosmological singularities. 
Nevertheless, we shall show that an antigravity phase oc- 
curs generically, when we extend geodesically incomplete 
cosmological solutions to geodesically complete solutions 
of a Weyl-invariant "lift" of the theory: see Eq. Q. (This 



approach for constructing cosmological solutions [5HTT] is 
inspired by studies of 2T-physics [T^ [T5] .) 

A case of special significance is when the big crunch 
is preceded by an ekpyrotic phase, a period of ultra-slow 
contraction with equation-of-state w >> 1. During an 
ekpyrotic phase, as the universe contracts, the homoge- 
neous and isotropic component, represented, for example 
by a scalar field a rolling down a steep, negative poten- 
tial, quickly dominates over the spatial curvature, mat- 
ter density or inhomogeneities. In this way, the ekpy- 
rotic phase smoothes the universe, resolving the cosmic 
horizon and fiatness problems, and exponentially dilutes 
the anisotropics, while generating a nearly scale-invariant 
spectrum of density perturbations. The ekpyrotic phase 
ends at a finite value of the scale factor when the scalar 
potential reaches a minimum. The universe continues 
to contract but, from this point on, the energy density 
is dominated by the scalar field kinetic energy, with a 
subdominant radiation component. (Throughout this pa- 
per, "radiation" refers to all forms of relativistic matter.) 
Non-relativistic matter, spatial curvature and scalar po- 
tential energy (or dark energy) can be neglected the rest 
of the way to the crunch. 

In this Letter, we will take these to be the initial con- 
ditions for our analysis of the big crunch/big bang tran- 
sition, although more general cases (with similar results) 
can be found in Ref . [TD] . The effective action is that for 
a scalar field minimally coupled to Einstein gravity: 

S ^ J d''xV^[^Rig)^^-idan (1) 

where = 8ttG, with G Newton's constant. We shall 
also include a radiation component, parameterized by 
a single constant, pr- The presence of the scalar field 
eliminates mixmaster chaos near the cosmic singular- 
ity and ensures that the evolution becomes smoothly ul- 
tralocal, meaning that spatial gradients become dynami- 
cally negligible [T3]. Although the spatial curvature and 
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anisotropy diverge as the crunch approaches, they are 
both overwhelmed by the scalar field kinetic energy den- 
sity. Nevertheless, the radiation and anisotropy will each 
play an important role, as we shall explain. We use 
the Bianchi IX metric as an illustration, discussing other 
cases in [TU]. At each spatial point, the line element is: 



ds^ = a| (r) {-dr^ 



dsl) 



(2) 



where the Einstein- frame scale factor a£;(r) is a function 
of conformal time r and the 3-metric is given by 



/2/3, 



where da^^y^z are SU (2) left-invariant one-forms, and 
«i,2(t) parameterize the anisotropy [TUl ITT] . As tends 
to zero, the dynamics simplifies. Terms involving the 
spatial curvature and scalar potential are suppressed by 
powers of Ob and, provided V{a) is not too steep, be- 
come negligible. The four dynamical degrees of freedom, 
a£;(T), q;i.2(t) and (t(t) obey the equations: 
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where dot denotes r derivative and i — 1,2. Equations 
^ and ^ follow fr om the effective action 
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where e(r) is the lapse function. 

The key to our approach is to "lift" the Einstein- 
scalar theory described by ([I]) to one incorporating Weyl- 
invariance. This is achieved by adding an extra scalar 
field and imposing Weyl symmetry so the new scalar de- 
gree of freedom can locally be gauged away. The resulting 
"master" action is: 
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to which one may add, when needed, terms representing 
radiation, the scalar potential and other fields and inter- 
actions. This Weyl-invariant action initially emerged as 
a 3 -I- 1-dimensional shadow of 2T-gravity in 4 -I- 2 dimen- 
sions [8Vll3j. While the new theory is obtained from the 
Einstein-scalar theory by adding only gauge degrees of 
freedom, it has an enlarged domain of field space, allow- 
ing geodesically incomplete solutions to Einstein gravity 
to be extended to geodesically complete solutions. 

Specifically, the master action includes two confor- 
mally coupled scalar fields and is invariant under the local 
gauge transformations g^i, — ?► VP'{x^^)g^ij, (f) il^^(a;^)0 
and s — ^l~^{x'^)s. The gravitational coupling is 
replaced by 6/(0^ — s^): for this to be positive, and 



the theory Weyl-invariant, one of the scalars, namely </>, 
must have a wrong sign kinetic energy, potentially mak- 
ing it a ghost. However, the local Weyl gauge symmetry 
compensates, thus ensuring the theory is unitary. The 
gravitational anomaly in the trace of the stress-energy 
tensor cancels because (/) and s contribute with oppo- 
site signs [IS]. In addition, the Lagrangian Q possesses 
a global 0(1,1) symmetry, i.e., the symmetry leaving 
(jy^ — unchanged. We do not expect this symmetry to 
survive quantum gravity corrections. However, it is in- 
teresting to observe that in string theory, the low-energy 
effective action in fact possesses a closely related, purely 
classical, global symmetry under shifts of the dilaton, to 
lowest order in the string coupling but to all orders in a' . 
A special role is played, in our analysis, by the variable 
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which is both Weyl- and 0(1, 1) -invariant and, as we shall 
see, analytic at generic cosmological singularities. 

We will discuss three gauge choices, in which we denote 
fields by the subscripts c,E and 7 respectively. In the 
constant-gauge (c-gauge), we fix (pc = 4>o = const\T^. 
The last term in Q now takes a form similar to that 
found in supergravity, including the Kahler potential. 
The possibility that the coefficient of R might switch 
sign was mildly noted in (THl [IT] but has so far been 
unexplored. The c-gauge shows that the phenomena de- 
scribed here, including effective antigravity, should also 
be expected in supergravity models and indeed, we find 
solutions to supergravity exhibit this behavior [TP]. 

The Einstein (i?— gauge) description (IT]) is obtained 
from I?! by fixing j^i4>E - si) = 1/2k^> , which 
corresponds to setting (j)E ~ ±(-\/6/K)cosh(Ko-/-\/6) and 
se = / K)sinh{Ka / \/6) . In this gauge, the vanishing 
of X as as signifies the vanishing of the determinant 
of the metric gE, and the complete failure of the theory. 
Likewise, (j)E and se typically diverge in i?-gauge. How- 
ever, in the "lifted" theory, the problem of g^s vanishing 
may be avoided by simply fixing a different conformal 
gauge, for example one in which g = —I. In this gauge, 
which we denote 7-gauge, the scale factor of the universe 
is unity, = 1, and (j)-^ and remain finite in all solu- 
tions. In 7-gauge, the master action reads 
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The -E-gauge variables cr, are given in terms of 
as follows: 
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The cosmic singularity al cx 0^ - 
to the ±45 degree lines in the (j)-^- 



^ = corresponds 
plane, which form 
the "lightcones" in Fig. 1. The singular solutions to the 
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FIG. 1: Trajectories in the (jy-y-s-y plane for (a) typical solu- 
tion with no anisotropy; (b) generic solution with anisotropy, 
which produces an attractor effect that draws the trajectories 
to the origin, (f)^ = = 0, at the big crunch, through a finite 
antigravity loop, and out of the origin again in a big bang. 



Friedmann equations ending in a big crunch or beginning 
with a big bang correspond to trajectories confined to 
(/>^ — > on the left and right quadrants of Fig. 1. The 
corresponding solutions for (j)^ and s^, however, can pass 
through all four quadrants [51-fTT]. as shown in Fig. 1(a), 
including regions corresponding to (jy^ — < 0, or nega- 
tive Newton's constant; in other words, antigravity. 

If the anisotropy is set precisely to zero and the curva- 
ture and potential V(cr) are non-negligible, the classical 
solutions typically cross the light cone in the (f)^-s^ plane 
at any point, as illustrated Fig. 1(a). For a special sub- 
set of parameters and initial values, the trajectory passes 
smoothly from the left quadrant, say, through the origin 
(j)^ — — and onwards to the right quadrant [9HTT]. 
The universe shrinks to zero size (aB(r) = 0) at the sin- 
gularity and rebounds without encountering any region 
with effective antigravity. This zero-size bounce does not 
require any violation of the null energy condition. 

However, when anisotropy is included, no matter how 
small, the solutions are qualitatively different. To see 
this, it is useful to write the equations of motion Q 
and ([5]) in terms of the canonical momenta Wa = aljO", 
TTi = a'^a.i, 1T2 = a\a2- These are conserved when the 
potential V and the curvature are negligible, taking con- 
stant values (tTct, TTi, 7r2) — >■ (P(j,Pi,P2)- Then the exten- 
sion of the Friedmann equation Eq. Q to the full 0-s 
plane is 



(p2 2prX) , 



(11) 



where p = \/p\ 
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Note that the p^ term, as- 



sociated with the scalar kinetic energy and anisotropy, 
dominates as x 0. Generic solutions, with arbitrar- 
ily small but nonvanishing anisotropy, are drawn to the 
origin, similar to the zero-size bounces described above. 
However, instead of passing directly through the origin 
to the right gravity region, they first undergo a finite 
loop in the upper (or lower) antigravity quadrant before 
returning to the origin and passing out to the right; see 
Fig. 1(b). The special quantity x, invariant under both 
Weyl and 0(1, 1) symmetries, obeys a regular equation. 



(11), and is analytic throughout. 

To be precise, the solution for ^^(t) and s^{t) is: 



-^(0T, -f S~f) = VT(p + PrT) 
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where r — kt/\/6 and T is an integration constant. Their 
product gives x(t) in both the gravity and antigravity 
portions of the trajectory, 

x{T) = 2T{p + prT), a|(r) = |x(r)|, (14) 



and their ratio gives a (t) through Eq.(lO) 



cr (t) = — In I — — 
V6 ^ ' 2p 't(p- 



PrT) 



(15) 



For the a^, the solution is the same as for a except that 
Pa- and T are replaced by pi and Tj . The solutions for x 
and a are plotted in Fig. 2. While a and the diverge 
at the singularities, we can construct a complete set of 
quantities which are finite everywhere. Returning to the 
effective action ([6]), we observe that near the singulari- 
ties the radiation term can, to a first approximation, be 
neglected. Setting kuq = •\/3/2 In |x| and a = a^, the 
master action ^ becomes that for a massless relativistic 
particle in a conformally flat spacetime, with line element 
x(— dckg + ^CK? + '^^2 + dal) = xVi^vda'^da" . This action 
is invariant under the global conformal group 0(4,2). 
As a consequence, when pr — 0, there are 15 conserved 
Noether charges, including the momenta tt^ = XVfivO!-^ / 
angular momenta M^^, = a^TTj, — a^Tr^, dilatation gener- 
ator D = a^TT^ and special conformal generators. These 



quantities are all finite at the singularity. 



Continuing 
and 



X analytically through the singularity (as in (14)) 
matching the 0(4, 2) generators across it, uniquely de- 
termines the solution to be that given above. In [10 , we 
show that this solution is also selected by minimizing the 
action, including variations of all parameters describing 
the passage through the singularity. It is also the unique 
solution which extends to the complex r-plane. 

Note that x(t) oc (/)^(r) — s^(t) has two zeroes: one at 
^ = —\/6p/{Kpr) and one at the bang 
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quantum gravity effects. We have performed an analysis 
based on tlie Wheeler-de Witt equation, in the ultralocal 
hmit, and found the same antigravity phase. To study 
similar phenomena in string theory, including a' correc- 
tions, we are investigating a Weyl-lifted version of string 
theory. Calculations of particle production and the evo- 
lution of classical perturbations across the bounce will 
also be presented elsewhere [TO] . 



FIG. 2: Plots of xij) s-iid ""(t) in a big crunch/big bang 
transition punctuated by a brief period of antigravity between 
T = Tc and r = (thick portions of the curves). 



T = 0. In between, the trajectory passes through a finite 
effective antigravity phase (see Fig. 2), during which the 
scalar kinetic energy and radiation densities contribute 



with opposite signs in the Friedmann equation ( 11 ). The 
former redshifts away more rapidly and, when the two are 
equal, the scale factor recontracts. The proper time spent 

in the antigravity loop is aE(T)dT = voTrp^ / (4Kpr ) . 

We emphasize that our results here are purely clas- 
sical, based on extending the Einstein equations in the 
most natural way consistent with symmetries anticipated 
from string theory, quantum gravity and relativity to ap- 
ply near a big crunch/big bang transition. As mentioned 
above, our simple model is not an isolated case: in mod- 
els of supergravity coupled to matter (TH [T7], the ef- 
fective gravitational coupling can also become negative, 
and we have found analogous solutions with an antigrav- 
ity phase in supergravity models |I0) . The antigravity 
phase should, we believe, be taken as a manifestation, 
within the low-energy effective theory, of new physical 
phenomena whose detailed interpretation will require fur- 
ther technical developments. In this sense, it may be 
analogous to the Klein paradox in relativistic quantum 
mechanics, which correctly signaled pair production from 
the vacuum even before quantum field theory was devel- 
oped. Although we are still far from a complete the- 
ory of quantum gravity, we may nevertheless anticipate 
progress in understanding the implications of an effective 
antigravity phase based on currently available tools. The 
obvious problem is that spin-2 gravitons (as well as space- 
dependent fiuctuations in the tr field) have wrong-sign 
kinetic terms in such a phase, rendering the vacuum un- 
stable to spontanous production of negative energy gravi- 
tons and positive energy matter particles. However, our 
results suggest an interesting backreaction: particle pro- 
duction increases the radiation density p^, which short- 
ens the proper duration \fZ'ny^ j {A:npr ) of the antigravity 
loop. This suggests a natural mechanism for cutting off 
the instability and at the same time producing an en- 
hanced radiation density when the universe emerges in a 
big bang. A complete picture also requires inclusion of 
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